In [2] a counterexample of an anisotropic triangulation was given on which the exact solution has a second-order error of linear interpolation, while the computed solution obtained using linear finite elements is only first-order pointwise accurate. This example was given in the context of a singularly perturbed reaction-diffusion equation. In this paper, we present further examples of unanticipated pointwise convergence behaviour of Lagrange finite elements on anisotropic triangulations. In particular, we show that linear finite elements may exhibit lower than expected orders of convergence for the Laplace equation, as well as for certain singular equations, and their accuracy depends not only on the linear interpolation error, but also on the mesh topology. Furthermore, we demonstrate that pointwise convergence rates which are worse than one might expect are also observed when higher-order finite elements are employed on anisotropic meshes. A theoretical justification will be given for some of the observed numerical phenomena.
Introduction
There is a perception in the finite element community, which the author of this article also shared until recently, that the finite element solution error in the maximum norm (and, in fact, any other norm) is closely related to the corresponding interpolation error. It is worth noting that an almost best approximation property of finite element solutions in the maximum norm has been rigourously proved (with a logarithmic factor in the case of linear elements) for some equations on quasi-uniform meshes [5, 6] . To be more precise, with the exact solution u and the corresponding computed solution u h in a finite element space S h , one enjoys the error bound
see [5] for the Laplace equation − u = f with h = ln(1/h), and [6] for singularly perturbed equations of type −ε 2 u + u = f with h = ln(2 + ε/h). Here h is the mesh diameter, C is a positive constant, independent of h and, in the latter case, ε, whiler = 1 for linear elements andr = 0 for higher-order elements in [5] , andr = 1 in [6] .
Importantly, the proofs of (1.1) were given only for quasi-uniform meshes, while no such result is known for reasonably general strongly-anisotropic triangulations. In fact, a counterexample of an anisotropic triangulation was given in [2] on which the exact solution has a second-order error of linear interpolation, while the computed solution obtained using linear finite elements is only first-order pointwise accurate. Interestingly, it was also shown that, unlike the case of shape-regular meshes, the convergence rates on anisotropic meshes may depend not only on the linear interpolation error, but also on the mesh topology. (The latter is also reflected on Fig. 1 , left, when r = 1 and the triangulations of types A and C of Fig. 2 are used.)
The example in [2] was given in the context of a singularly perturbed reaction-diffusion equation, and only linear finite elements were considered. The purpose of this article is to give further examples of unanticipated convergence behaviour of Lagrange finite element methods on anisotropic triangulations.
• We show that linear finite elements may be only first-order pointwise accurate also for the Laplace equation, and less than second-order accurate for certain singular equations.
• Our findings for the Laplace equation immediately imply that linear finite elements may be only first-order pointwise accurate when applied to an anisotropic diffusion equation on quasi-uniform triangulations.
• Effects of the lumped-mass quadrature on the accuracy of linear finite elements are investigated. It is shown that the lumped-mass quadrature may in certain situations (although not always) improve the orders of convergence from one to two.
• We demonstrate that pointwise convergence rates which are inconsistent with (1.1), and thus worse than one might expect, are also observed when higher-order finite elements are employed on anisotropic triangulations.
We shall consider standard Galerkin finite element approximations with Lagrange finite element spaces of fixed degree r ≥ 1, as well as the lumpedmass version of linear elements. As we are interested in counter-examples, our consideration will be restricted to rectangular domains and triangulations obtained from certain tensor-product grids by drawing diagonals in each rectangular element (as on Fig. 2 ). The underlying tensor-product grids will always have O(N ) intervals in each coordinate direction, and will be chosen to ensure that, once the diagonals are drawn in any manner in each rectangular element, the interpolation error bound u − u
holds true for the considered exact solution u and its Lagrange interpolant u I ∈ S h of degree r. For example, when linear finite elements are considered, we have u − u I ≤ CN −2 , and, furthermore, the considered triangulations are quasi-uniform under the Hessian metric. The latter implies that the grids are not made unnecessarily over-anisotropic. It also implies that similar grids may be expected to be obtained using an anisotropic mesh adaptation.
Some of our findings for Lagrange finite elements of degree r = 1, 2, 3 are summarized on Fig. 1 (see §2 and §4 for further details). Here the exact solution is e −x/ε in the domain (0, 2ε) × (0, 1), and the triangulations of types A and C of Fig. 2 are obtained from a uniform rectangular tensor-product grid. When ε = 1 (right), with the meshes remaining quasi-uniform, we observe a textbook behaviour consistent with (1.1), with the convergence rates close r+1. The only exception is the case of quadratic elements on triangulation A, when the nodal superconvergence rates are close to r + 2 = 4. By contrast, once one switches to a much smaller ε = 10 −3 (left), and the triangulations accordingly become anisotropic, the convergence rates deteriorate to only r, with the exception of linear elements on triangulation A.
The paper is organised as follows. The effects of the mesh topology (i.e. of how the diagonals are drawn in rectangular elements) on the convergence rates of linear elements are investigated in §2. A singularly pertubed equation, the Laplace equation and a singluar equation will be considered, Next, in §3, we address the effects of the lump-mass quadrature on the accuracy of linear finite element solutions. In §4 quadratic and cubic finite elements are considered. Finally, in §5, we give a theoretical justification for some of the presented numerical phenomena, which relies on finite difference representations of the considered finite element methods.
Linear finite elements: effects of mesh topology
In this section, triangulations of types shown on Fig. 2 in rectangular domains will be compared, with the underlying rectangular mesh being the tensor-product of a mesh {x i } N . Two domains will be considered.
When Ω = (0, 2ε) × (0, 1), we let the mesh {x i } be uniform on (0, 2ε). When 
, where
The remaining part of the mesh
. In all our experiments, we shall use γ = 0.8.
Singularly perturbed equation
We start with the singularly perturbed reaction-diffusion equation considered in [2] − ε 2 u + u = 0, (2.1) Note that here and in all our tables below, the notation ε ≤ 2 −16 is used for ε = 2 −k with k = 16, . . . , 24, and whenever the computational rates of convergence become substantially lower than r + 1, they are highlighted in bold face.
We observe that when the triangulations of type A are used, the convergence rates are consistent with the linear interpolation error, and thus with (1.1). Once we switch to the corresponding triangulations of type C, the convergence rates deteriorate from r + 1 = 2 to 1 for small values of ε. We conclude that whether linear finite elements are used without quadrature or with lumped-mass quadrature, their accuracy depends not only on the linear interpolation error, but also on the mesh topology. 
Laplace equation. Anisotropic diffusion
We shall now consider the Laplace equation − u = f (x, y) with the same exact solution u = e −x/ε subject to the Dirichlet boundary conditions. This problem will be considered in the domain (0, 2ε) × (0, 1). (When the Bakhvalov mesh is used in (0, 1) 2 , one gets similar numerical results.) The maximum nodal errors of the lumped-mass linear finite element method applied to this equation are presented in Table 2 .3. Similarly to the case of equation (2.1), we again observe that when the triangulations of type A are used, the convergence rates are consistent with the linear interpolation error, while on the corresponding triangulations of type C, the convergence rates deteriorate from r + 1 = 2 to 1 for small values of ε.
Note that the Laplace equation in the domain (0, 2ε)×(0, 1) can be rewritten as the anisotropic diffusion equation −û xx − ε 2û yy =f (x, y) posed in the domain (0, 2) × (0, 1) with the exact solutionû(x) = u(εx) = e −x . Note also that the considered anisotropic uniform triangulations in (0, 2ε) × (0, 1) correspond to quasi-uniform triangulations in (0, 2) × (0, 1). Consequently, our observations for the Laplace equation immediately imply that linear finite elements may be only first-order pointwise accurate when applied to an anisotropic diffusion equation on quasi-uniform triangulations.
A theoretical justification of only first-order accuracy on the considered triangulations of type C, as well as certain more general locally anisotropic triangulations, will be given in §5.2.
Singular equations on graded anisotropic meshes
Next, we shall consider a version of the test problem from [4]
posed in the square domain (0, 1) 2 , with the exact solution u = x 1/2 , subject to the appropriate Dirichlet boundary conditions. Following [4] , f will be replaced in our computations byf (u)
For this problem we shall consider the linear finite element method in the form
3)
wheref (u h ) I is the standard piecewise-linear Lagrange interpolant off (u h ). The lumped-mass version of this method will also be considered, which is obtained from ( Triangulations of types A and B were considered, with the maximal nodal errors shown on Fig. 3 . We again observe that the computational rates of convergence for the triangulations of type A are consistent with the linear interpolation errors, and thus with (1.1), while once we switch to the triangulations of type B, the convergence rates become lower that 3/2. In other words, the convergence rates on the considered graded anisotropic meshes depend not only on the linear interpolation error, but also, and very considerably, on the mesh topology.
Linear finite elements: effects of lumped-mass quadrature
In this section, we are interested in the the effects of the lumped-mass quadrature on the accuracy of linear finite elements. It will be shown that the lumped-mass quadrature may in certain situations (although not always, as was demonstrated in §2) improve the orders of convergence from 1 to 2.
As a test problem we again use the singularly perturbed equation (2.1) with the exact solution u = e −x/ε in the rectangular domains (0, 2ε) × (0, 1) and (0, 1) 2 . Triangulations of types A and B of Fig. 2 will be considered, with the underlying grid being uniform in the domain (0, 2ε) × (0, 1), and the tensor-product of a Shishkin-type grid in the x-direction and the uniform grid in the y-direction in the domain (0, 1)
2 . Piecewise-uniform layer-adapted Shishkin grids are frequently employed in the numerical solution of equations [7, 3] . The Shishkin grid that we consider has the transition parameter σ = min 2ε ln N, 1 2 and equal numbers of grid points on (0, σ) and (σ, 1), so a calculation shows that the interpolation error |u − u I | ≤ CN −2 ln 2 N . The maximum nodal errors are given in Table 3 .1 for the uniform mesh and in Table 3 .2 for the Shishkin mesh; for ε = 10 −3 see also Fig. 4 . We observe that while the triangulations of type A are used, whether no quadra- ture or the mass-lumped quadrature is employed, the errors are consistent with the linear interpolation errors, and thus with (1.1). Once we switch to the triangulations of type B, we observe a similar convergence behaviour for the lumped-mass quadrature version, however the rates of convergence deteriorate to 1 (with the logarithmic factor in the case of the Shishkin mesh) if no quadrature is used. Note that here the situation is entirely different from what was observed in §2.1, where all numerical results were qualitatively independent of the quadrature. A theoretical justification of lower-order accuracy on the considered triangulations of type B, as well as certain more general locally anisotropic triangulations, will be given in §5.3.
Higher-order elements on anisotropic triangluations
Next, we shall numerically investigate quadratic and cubic Lagrange finite elements applied to the singularly perturbed equation (2.1) with the exact solution u = e −x/ε , posed in the domains (0, 1) 2 and (0, 2ε) × (0, 1). In these domains we respectively consider the Bakhvalov and the uniform rectangular grids described in §2. This ensures that the interpolation error is O(N r+1 ), while the maximum nodal errors are shown on Fig. 1 , see r = 2, 3, and presented in Tables 4.1 and 4.2 for r = 2, and in Table 4 .3 for r = 3.
When ε = 1, the triangulations remain quasi-uniform, and we observe a textbook behaviour consistent with (1.1), with the convergence rates close r+1. The only exception is the case of quadratic elements on triangulation A, when the nodal superconvergence rates become close to r + 2 = 4. However, as ε takes considerably smaller values, and the triangulations accordingly become anisotropic, the convergence behaviour changes quite dramatically, with the convergence rates deteriorating to only r. Note that in contrast to linear elements, the mesh topology (i.e. whether triangulations of type A or C are used) does not seem to affect the rates of convergence, which consistently remain lower than one may conjecture motivated by (1.1). 2.68e-11 2.37e-10 2.77e-10 2.80e-10
Theoretical justification
In this section, we give a theoretical justification for some of the numerical phenomena presented in the previous sections. For this purpose, it is convenient to look at the considered finite element methods as certain finite difference schemes on the underlying rectangular tensor-product meshes.
Linear elements for singularly perturbed equation (2.1)
The theoretical justification of the numerical phenomena of §2.1 is addressed in [2] . Here we briefly describe the setting and the main results of [2, §3] , as they will be useful in the forthcoming analysis.
Suppose Ω ⊃Ω, where the subdomainΩ and the tensor-product gridω h in this subdomain are defined bẙ
The triangulationT of type C inΩ obtained from the rectangular gridω h is shown on Fig. 5 (compare with Fig. 2, right) .
Next, let U denote the linear finite element solution obtained on some triangulation T ⊃T in the global domain Ω, while for its nodal values inΩ we shall use the notation
A calculation yields a finite difference representation in the lumped-mass case: for i = 1, . . . , 2N 0 − 1, where
If no quadrature is used, for i = 1, . . . , 2N 0 − 1 one gets Proof. A normalized version of (5.2a) for this case becomes
where We shall now prove that, for a sufficiently small constant C 0 , one has
Let e :=Ů − u and e i := e(x i , 0). As e( 
To simplify the presentation, we shall complete the proof of (5.5) under the condition C 2 ≤ 2 −1/2 , while a comment on the case C 2 > 2 −1/2 will be given at the end of this part of the proof. Introduce the barrier function 
, while h = εN , the desired relation (5.7) follows.
Linear finite elements without quadrature on triangulations of type B
Recall the numerical results of §3, where the singularly perturbed equation (2.1) was considered, and linear finite elements without quadrature on triangulations of type B exhibited only first-order pointwise accuracy. [−e i−1 + 2e i − e i+1 ] + e −x i /ε causes only first-order accuracy, described by Lemma 5.3 
